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Abstract 

We match the Hagedorn/deconfinement temperature of planar N = 4 super Yang-Mills (SYM) 
on R x S 3 to the Hagedorn temperature of string theory on AdS5 x S 5 . The match is done 
in a near-critical region where both gauge theory and string theory are weakly coupled. The 
near-critical region is near a point with zero temperature and critical chemical potential. On 
the gauge theory side we are taking a decoupling limit found in hep-th/0605234 in which the 
physics of planar N = 4 SYM is given exactly by the ferromagnetic XXX 1 / 2 Heisenberg spin 
chain. We find moreover a general relation between the Hagedorn/deconfinement temperature 
and the thermodynamics of the Heisenberg spin chain and we use this to compute it in two 
distinct regimes. On the string theory side, we identify the dual limit for which the string 
tension and string coupling go to zero. This limit is taken of string theory on a maximally 
supersymmetric pp-wave background with a flat direction, obtained from a Penrose limit of 
AdSs x S" 5 . We compute the Hagedorn temperature of the string theory and find agreement 
with the Hagedorn/deconfinement temperature computed on the gauge theory side. 
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1 Introduction and summary 

The AdS/CFT correspondence states that SU(N) M = 4 super Yang-Mills (SYM) onlx5 3 
is equivalent to string theory on AdSs x S 5 [H [21 [3]. In particular, planar J\f = 4 SYM on 
R x iS 3 with 't Hooft coupling A is conjectured to be equivalent to weakly coupled string theory 
on AdSs x S 5 with string tension T str , with the relation^ 

T str = (1.1) 

The most impressive checks on this correspondence have involved computing physical quan- 
tities on the gauge theory side, such as the expectation value of Wilson loops [U [S] or the 
anomalous dimensions of gauge theory operators [6], and extrapolating the results to strong 
coupling in order to compare with string theory. 

In this paper we take a different route. We compute the Hagedorn/deconfinement tem- 
perature for planar J\f = 4 SYM on K x S 3 at weak coupling A <C 1 in a certain near-critical 

1 See main text for our conventions regarding T BtT and A. 
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region found in [7J. We match then this to the Hagedorn temperature computed in weakly 
coupled string theory on AdSs x S , in the corresponding dual near-critical region. Beyond 
this, we successfully match the low energy spectra of the gauge theory and the string theory 
in the near-critical region. The matching of the spectra and Hagedorn temperature is possible 
since we take a zero string tension limit on the string theory side. 

That the Hagedorn/deconfmement temperature of planar J\f = 4 SYM on i x S 3 is dual 
to the Hagedorn temperature of string theory on AdS5 x S 5 was conjectured in [8| \9\ [T0| [TT] . 
This originated in the finding of a confinement/deconfinement phase transition in planar 
M = 4 SYM on I x S 3 at weak coupling A <C 1 [8]. For large energies the theory has a 
Hagedorn density of states, with the Hagedorn temperature being equal to the deconfinement 
temperature [91 HOI HI] . 

On the string theory side, it is unfortunately not possible to compute the Hagedorn tem- 
perature for string theory on AdSs x S 5 since we do not know how to make a first quan- 
tization of string theory in this background. However, in certain Penrose limits, where the 
AdSs x S" 5 background becomes a maximally supersymmetric pp-wave background [6j[T2], one 
can find the string spectrum, and the computation of the Hagedorn temperature has been 

done nanananginiiiBiiiaEDi. 

From these facts it is clear that any successful matching of the Hagedorn/deconfmement 
temperature for the gauge theory with the Hagedorn temperature of string theory should be to 
the Hagedorn temperature of the maximally supersymmetric pp-wave background. Therefore, 
one should make the match for large R-charges/angular momenta. 

However, if we consider the pp- wave/gauge-theory correspondence of [6] we encounter a 
problem. In [6J the gauge theory states that are conjectured to correspond to string states on 
the pp-wave side are only a small subset of the possible gauge theory states. But, at weak 
coupling A <C 1, all of these possible gauge theory states are present. The crucial step of [OJ, 
in order to resolve this problem, is to consider a strong coupling limit A — > oo on the gauge 
theory side in which it is conjectured that most of the gauge theory states will decouple, 
and only a small subset of the states, believed to be precisely the ones dual to the string 
states, should remain in this limit. More specifically, the ground state and zero modes of the 
pp-wave string theory are mapped to chiral primary states in M = 4 SYM, and the surviving 
states in the large A limit should then be the states that lie sufficiently close to the chiral 
primary states with respect to their anomalous dimensions. Thus, seemingly, we cannot match 
the Hagedorn/deconfmement temperature at weak coupling A <C 1 to the pp-wave Hagedorn 
temperature, since on the gauge theory side we have many more states than the ones dual to 
the pp-wave string states. 

In this paper we resolve this problem by employing a recently found decoupling limit of 
thermal SU(N) M = 4 SYM on R x S 3 [7j. Denoting the three R-charges for the SU(4) 
R-symmetry as Jj, i = 1,2,3, and their corresponding chemical potentials as fij, i = 1,2,3, 
and putting (Qi,f22, ^3) = (O, f2, 0), we can write the decoupling limit as [7J 

T A 

T^O, n -► 1 , A ^ , f= - fixed , A = fixed , N fixed (1.2) 
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where T is the temperature for M = 4 SYM. In this limit only the states in the SU(2) sector 
survive, and SU(N) J\f = 4 SYM on 1 x S 3 reduces to a quantum mechanical theory with 
temperature T and coupling A. In the planar limit N = oo, we have furthermore that in the 
limit (jl.2p J\f = 4 SYM onlx5 3 has the Hamiltonian Dq + XD2 , where -Do is the bare scaling 
dimension and D2 is the Hamiltonian for the ferromagnetic XXX1/2 Heisenberg spin chain 
(without magnetic field). We see that the limit (|1.2p includes taking a zero 't Hooft coupling 
limit A — > 0, thus we are in weakly coupled J\f = 4 SYM after the limit. 

The resolution to the above stated problem that there are too many states for A <C 1 is now 
as follows. Since A can be finite even though A — > we can consider in particular the A> 1 
region. In this region the low energy states for the D2 Hamiltonian are the dominant states. 
These states are the vacua, plus the magnon states of the Heisenberg spin chain. The vacua 
precisely consist of the chiral primary sector of the SU(2) sector. Therefore, by considering 
A> 1 we can circumvent the apparent problem with matching the pp-wave spectrum to the 
spectrum of weakly coupled gauge theory. 

For planar J\f = 4 SYM on M x 5 3 in the decoupling limit (jl.2p we find a direct connection 
between the Hagedorn/deconfinement temperature for finite A and the thermodynamics of the 
Heisenberg spin chain. If we denote t as the temperature and —tV(t) as the thermodynamic 
limit of the free energy per site for the ferromagnetic Heisenberg chain with Hamiltonian D2 , 
then the Hagedorn temperature T = Th is given by 

f H = ,_ 1 - ; (1.3) 
V(\~ 1 T H ) { ' 

We use this to compute the Hagedorn temperature for small A, in which case it corresponds 
to the high temperature limit of the Heisenberg chain. For large A the Hagedorn temperature 
is instead mapped to the low temperature limit of the Heisenberg chain, and we obtain in this 
limit the Hagedorn temperature 



f H = (2tt)s 
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3 A3 (1.4) 



where C( x ) is the Riemann zeta function. Note that we have that the low energy behavior 
of the Heisenberg chain is tied to the large A limit, as we also stated above. In fact, the low 
energy spectrum consisting of the chiral primary vacua with the magnon spectrum gives rise 
to the Hagedorn temperature (|1.4|) . 

On the string theory side, we find using the AdS/CFT duality the following decoupling 
limit of string theory on AdSs x S* 5 , dual to the limit (|1.2|) . 

e — > , H = fixed , T str = — fixed , g s = — fixed , Jj fixed (1-5) 

e -v/e e 

Here E is the energy of the strings, Jj, i = 1, 2, 3, are the angular momenta for the five-sphere, 
J = J% + J2, and g s is the string coupling. H is the effective Hamiltonian for the strings in 
the decoupling limit. We see that both the string tension T str and the string coupling g s go 
to zero in this limit. 
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The next step is to consider a Penrose limit of the AdSs x S 5 background, and to consider 
the string theory on the resulting pp-wave background. We note that the Penrose limit of [6] 
does not result in the right light-cone quantized string theory spectrum for our purposes. We 
need a pp-wave spectrum for which all states with E = J, J = J\ + J2, correspond to the 
string vacua. This is precisely what the Penrose limit of [12] provides. In more detail, on the 
gauge theory/spin chain side, J\ — J2 measures the total spin, and we have a vacuum for each 
value of the total spin. The dual manifestation of this is that in the pp-wave background that 
is obtained using the Penrose limit of [12] we have a fiat direction, such that there is a vacuum 
for each value of the momentum along that direction, and that momentum is moreover dual 
to Ji — J2. 

We implement then the decoupling limit (|l,5p for the pp-wave background. This corre- 
sponds to a large fi limit of the pp-wave, with /i being a parameter in front of the square 
well potential terms for six of the eight bosonic directions. We show that we get the same 
spectrum as that of the spectrum for large A and J of planar J\f = 4 SYM on R x S 3 in the 
decoupling limit (jl.2p . Thus, we can match the spectrum of weakly coupled string theory 
with weakly coupled gauge theory in the decoupling limits. 

We proceed to compute the Hagedorn temperature for string theory on the pp-wave back- 
ground in the large [i limit in two different ways. The first way is to compute the Hagedorn 
temperature from the spectrum obtained by taking the large [i limit directly on the spectrum. 
The second way is to take the Hagedorn temperature for the full pp-wave spectrum, which 
was computed in [T7], and take the large fi limit of that. The two ways of computing the 
Hagedorn temperature agree, which is a good check on the fact that most of the string states 
really do decouple in the large /i limit. Moreover, the resulting Hagedorn temperature can, 
via the AdS/CFT duality, be compared to the Hagedorn/ deconfinement temperature (|1.4p 
computed in weakly coupled gauge theory, and they are shown to agree. 

In summary, we match the Hagedorn/deconfinement temperature computed in weakly 
coupled planar M = 4 SYM on R x S 3 , in the decoupling limit (jl.2p . to the Hagedorn temper- 
ature computed on a maximally super symmetric pp-wave background in the dual decoupling 
limit (jl.5|) . The fact that we are in a pp-wave background corresponds to being in the large 
J sector of string theory on AdSs x S" 5 . Moreover, we show that the low energy spectra of 
gauge theory and string theory in the decoupling limit are the same, which can be seen as 
the underlying reason for the matching of the Hagedorn temperature. In the Conclusions 
in Section [5] we discuss the matching in the larger framework of a decoupled sector of the 
AdS/CFT correspondence for which we have a spin chain/gauge theory/string theory triality. 

2 The SU(2) decoupling limit of M = 4 SYM on R x S 3 

In this section we review the decoupling limit of J\f = 4 SYM on 1 x S 3 found in [7] in which 
J\f = 4 SYM reduces to a quantum mechanical theory on the SU(2) sector which becomes the 
ferromagnetic XXX1/2 Heisenberg spin chain in the planar limit. 
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Thermal J\f = 4 SYM on Kx5 3 and the Hagedorn temperature 

In [7J the thermal partition function of SU(N) M = 4 SYM on K x S 3 with non-zero chemical 
potentials is considered!! We can write this in general as follows. Let D denote the dilatation 
operator giving the scaling dimension for a given operator (or energy of the corresponding 
state). Let Jj, i = 1,2,3, denote the three R-charges associated with the SU{4) R-symmetry 
of N = 4 SYM, and let f2j be the three chemical potentials corresponding to these charges. 
Then we can write the full partition function as 



Z{p, SU) = T> (e~^+^=i n * J >) (2.1) 



where (5 = 1/T is the inverse temperature. Here the trace is taken over all gauge invariant 
states, corresponding to all the multi-trace operators. When ftf = 4 SYM is weakly coupled, 
we can expand the dilatation operator in powers of the 't Hooft coupling as follows [21\ [22] 

oo 

D = D + J2^ n/2 Dn (2.2) 

n=2 

where we have defined for our convenience the 't Hooft coupling as 

(2.3) 

9ym being the Yang-Mills coupling of M = 4 SYM. 

For free SU (N) J\f = 4 SYM on K x S 3 in the planar limit N = oo the partition function 
exhibits a singularity at a certain temperature Tjj [9] [TO], [11] . The temperature Tjj is a 
Hagedorn temperature for planar J\f = 4 SYM on R x S 3 since the density of states goes 
like e E l TH for high energies E S> 1 (we work in units with radius of the S 3 set to one). 
Moreover, we have that for T < Th the partition function is of order one, while for T > Th 
the partition function is of order iV 2 , and for large temperatures the partition function is like 
for free SU(N) N = 4 SYM on R 4 . Therefore we have a transition at Th resembling the 
confinement /deconfinement phase transition in QCD, thus in this sense we can regard Th as 
a deconfinement temperature for planar N = 4 SYM on M x 

Turning on the coupling A and the chemical potentials f2j the Hagedorn singularity for 
planar M = 4 SYM on R x S 3 persists, at least for A <C 1 [Ml US \7\. The Hagedorn 
temperature Th is a function of A and Oj, and it is known in certain limits. The first order 
correction in A for = was found in [24J. For A = and non-zero chemical potentials f2j 
the Hagedorn temperature was found in |25[ [7] while the one- loop correction was found in [7J . 



2 To be precise, it is in fact the gauge group U(N) which is considered in [7]. In this paper we consider 
instead the gauge group SU(N). However, all the results of [7] can easily be formulated for SU(N) instead 
of U(N). In particular, many of the considerations of [7] concerns the planar limit N — oo in which case the 
results for SU(N) and U(N) are equivalent. 

3 In [23] it was found for weakly coupled large iV pure Yang-Mills theory on M x S 3 that the deconfinement 
temperature is lower than the Hagedorn temperature, which means that this theory has a first order phase 
transition at the deconfinement temperature. 
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E.g. for weak coupling and small chemical potentials it is found that |7J 

Th = h i 1 + 1) ~ ( x " " 00 ^) t( ^ + ° {x2) + (2,4) 

with (3q = — log (7 — 4v3). See [7] for the fourth order correction in the chemical potentials. 
The SU (2) decoupling limit 

It was found in [7J that near the critical point (T, Qi, O2, ^3) = (0, 1, 1, 0) most of the states 
of N = 4 SYM decouple and we end up with a much simpler theory that we can regard as 
quantum mechanical. In order to write the decoupling limit we define the charge J = J\ + J2 
and we define f2 as the corresponding chemical potential. In the following we are interested 
in the situation for which Qi = VL2 = SI. We consider then the decoupling limit [7] 

T ^ , n -► 1 , A ^ , f = - fixed , A = fixed (2.5) 

X i L J. i L 

In this limit most of the states of = 4 SYM decouple. This is due to the fact that only the 
states with D — J being of order 1 — Q survive. Therefore the states that survive are the ones 
with Dq = J, i.e. with the bare scaling dimension equal to J. From this one can see that 
the total Hilbert space of the theory consists of all states corresponding to all the multi-trace 
operators that one can write down from the two complex scalars Z and X, where Z and X 
have the R-charge weights (1,0,0) and (0,1,0), respectively. Thus, we have that our Hilbert 
space TL consists of all possible linear combinations of the multi-trace operators^ 

Tr(A?AU . . . Ag) Tr(4 2) 4 2) • • • Ag) • • • Tr(A«A« • • • Ag), A® = Z, X (2.6) 

This is in fact the so-called SU(2) sector of recent interest in the study of integrability of 
M = 4 SYM [261 EH [271 [281 [29]. We can view this as a quantum mechanical subset of M = 4 
SYM in the sense that all the states with covariant derivatives are decoupled, which can be 
interpreted to mean that the modes corresponding to moving around on the S 3 disappear, 
leaving us with only one point. 

Furthermore, as we show in [7J, the partition function (|2.ip reduces in the decoupling limit 
(|2.5|) to the partition function 

Z0) = Tt n (e^ H ) (2.7) 

with H being the Hamiltonian 

H = D + \D 2 (2.8) 

Here f3 = 1/f, thus we see that SU(N) M = 4 SYM on R x S 3 in the limit ([231) reduces to a 
quantum mechanical theory with Hilbert space TL given by f|2.6[) and with Hamiltonian (|2.8p . 

4 Here we will loosely refer to the single-trace or multi-trace operators as states in a Hilbert space, the precise 
meaning being that any single-trace or multi-trace operator O for M = 4 SYM on R 4 has a corresponding 
gauge-invariant state \0) = lim,.^o 0\Q) for Af = 4 SYM on R x S 3 (r being the radial coordinate of R 4 ), and 
vice versa, by the state/operator correspondence. 
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with effective temperature T. Moreover, A can be regarded as the coupling of the theory, 
being a remnant of the 't Hooft coupling of N = 4 SYM. It is very interesting to observe that 
we thus end up with a theory with two coupling constants: A and 1/N, both of which we 
can choose freely. Indeed, since the D2 term in (|2.8p origins in the one-loop correction to the 
scaling dimension, we have full knowledge of the Hamiltonian (|2.8|) and we can in principle 
compute Z({3) for any value of A and N. 

We can view the decoupling limit (|2.5p from the alternative view point as a decoupling 
limit of non-thermal SU(N) M = 4 SYM on R x S 3 . Then the decoupling limit is instead^) 

e -> , D ~ J fixed , A = ^ fixed , J< fixed , N fixed (2.9) 

Note then that the effective Hamiltonian is lim e ^o D ^ J = AZ?2- We see that this is in accor- 
dance with the Hamiltonian (|2.8p since we are restricting ourselves to be in a certain sector 
of fixed J. We see that this limit is remarkably different from pp-wave limits of N = 4 SYM 
[6] in which one takes J and N to go to infinity and instead fixes D — J. However, as we shall 
see below we have an overlap between the two types of limits for a particular pp-wave limit 
found in 1121. 



The planar limit and the Heisenberg spin chain 

If we consider the planar limit N — ► 00 of SU (N) J\f = 4 SYM on R x S 3 , we know from large 
N factorization that the single-trace operators are decoupled from the multi-trace operators. 
Therefore, in the planar limit, we can regard single-trace operators of a certain length as 
states for a spin chain where the letters correspond to the value of the spin |26j . In the SU(2) 
sector, the single-trace operators are linear combinations of 

Tr(A 1 A 2 ---A L ), A i = Z,X (2.10) 

If we write S z = {J\ — Jq)/2 we see that each Z has S z = 1/2 and each X has S z = —1/2, 
thus we get an SU (2) spin chain. Furthermore, in the planar limit the D2 term in f|2.8j) is 
given by [261 EE] 

1 L 

D 2 = -^ 1+1 -P lii+1 ) (2.11) 
i=l 

for a chain of length L, where Pa+i is the permutation operator acting on letters at position 
i and i + 1. From this one can see that XD2 precisely is the Hamiltonian for a ferromagnetic 
XXX1J2 Heisenberg spin chain of length L |26j . We can therefore write the single-trace 
partition function as [7] 

00 

^st(/3) = J>"^4 xxx) (/3) ( 2 - 12 ) 

L=l 

where 

4 XXX) (/5) = Tr L (e- ~ XD2 ) (2.13) 



When we write that Ji is fixed we mean that all three R-charges Ji, J2 and J3 are fixed. 
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is the partition function for the ferromagnetic XXXi/ 2 Heisenberg spin chain of length L with 
Hamiltonian AZ?2- Note that Tr^ here refers to the trace over single-trace operators with J = L 
in the SU{2) sector. The spin chain is required to be periodic and translationally invariant in 
accordance with the cyclic symmetry of single-trace operators. Using the standard relation 
between the single-trace and multi-trace partition functions, we get that the full partition 
function of planar M = 4 SYM onRxS 3 in the limit (J23D is [7J 

oo oo 1 

logZ(/3) = E -e-^ L 4 XXX) (n/3) (2-14) 

n=l L=l 

Therefore, the partition function of planar J\f = 4 SYM on R x S 3 in the decoupling limit 
(|2.5p is given exactly by (|2.14|) from the partition function Z^ XX \/3) of the ferromagnetic 
XXX1/2 Heisenberg spin chain [7J. 

3 Gauge theory spectrum in decoupling limit 

In this section we find the large A and large L limit of the spectrum of planar J\f = 4 SYM 
on I x S 3 in the decoupling limit (12. 5ft . 

From (|2.8p we know that planar M = 4 SYM on R x S* 3 in the limit (|2.5p has the Hamil- 
tonian L + AL>2, for single-traces of length L. Therefore, finding the spectrum of planar 
J\f = 4 SYM in this decoupling limit is identical to the problem of finding the spectrum of 
the Heisenberg chain Hamiltonian AL>2- The solution to this for low energies is well-known. 
Nevertheless, we rederive the spectrum in the following since we are interested in the case 
where we have a degeneracy of the vacuum with respect to the total spin. In our approach 
we employ a new way of putting in impurities which seems more natural for this situation. It 
also makes a direct construction of the eigenstates corresponding to the spectrum possible. 

We begin by noting that the large A limit of the spectrum alternatively can be viewed as 
the low energy part of the spectrum for finite A, since the interacting term in the Hamiltonian 
is XD 2 . 

The low energy part of the spectrum of the ferromagnetic Heisenberg chain consists of the 
ferromagnetic vacuum states plus magnon excitations. The ferromagnetic vacua consist of all 
the states for which Pa+i has eigenvalue one for any neighboring sites of the spin chain. One 
can make such a state for each possible value of the total spin S z , here given by 

S z = \{Ji - J 2 ) (3.1) 

In detail we have that the vacuum state for a given length L and total spin S z is the totally 
symmetrized state [7J 

|S 2 )L~TY(sym(Z Jl Y j2 )) (3.2) 

with J\ = + S z and J2 = \L — S z - We see thus that we have L + l ferromagnetic vacua for 
a given length L. As observed in [7J, the vacua (|3.2I) are precisely the chiral primary states 
with Dq = J. 
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It will be useful below to have a more specific way of describing the vacuum states. To 
this end, define A^ii = Z and A_\li = X. Then we can write the basis of the SU(2) sector 
as 

Tr(A s{1 yA s(L) ) (3.3) 
where s(i) = ±1/2 corresponds to having spin up or spin down. Write 

L 

Q = {s= ( 8 (1), s(L)) I £ s(i) = S z } (3.4) 

i=i 

Then we have that the vacuum for a given value of S z and L is 

|Sz>r~X>( A '(i)-" A »w) (3.5) 

Turning to the magnons, which are the low energy excitations of the ferromagnetic vacua, 
we see that we cannot employ the usual Bethe ansatz technique of putting X impurities into 
a sea of Z's. This is due to the fact that we want to work in the limit in which the number 
of excitations is much less than L, and clearly it would take of order L impurities to describe 
excitations around vacua with J\ -C J 2 . This difference to the usual approach basically comes 
in because the J\ = L vacuum Tr(Z L ) is not special, instead we have L + l vacua which are 
equally important. 

Thus, we need a new way to put in impurities that does not change the value of S z . The 
way to do this becomes clearer if we think of an impurity as the action of an operator on a 
particular site. In particular changing a Z at site number I into an X can be thought of as 
the action of S- at site I. We instead want an operator in the SU{2) group that commutes 
with the total spin S z . Therefore, we propose that inserting an impurity corresponds to the 
action of S, at a particular site A 

Consider the insertion of two impurities. Define S z> i as the action of \{Zdz — Xdx) on 
the site number I. We can then write the insertion of two impurities at sites l\ and li in the 
vacuum state \S z )l as 

\hih'iSz)L = S z ^S z ^i 2 \S z )l (3.6) 
Using the form (|3.5p for the vacuum states, we see that this corresponds to 

\h,h; S Z ) L ~ <h)s{h) Tr (A s{1) ■ ■ ■ A S(L) ) (3.7) 

s&Q 

We now want to find an eigenstate of the Hamiltonian AZ?2 with two impurities. Write 

|*>= *(h,h)\h,l2;S z ) L (3.8) 

l<Z!<i 2 <i 

The task is then to find ^(/i,^) such that 

\D 2 \1>) = A£|¥) (3.9) 



6 This way of constructing magnons is inspired from the construction of gauge theory states in [12] , 
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To this end, we employ the Bethe ansatz 

*(Z 1} l 2 ) = jvih+ivzh Al2 + e i P 2h+ipii2 A21 ( 310 ) 

It is not hard to see that the eigenvalue equation f)3.9f) then gives 

P of -2W o( , _ ^12 l + e«(Pi+w)-2e^ 

C = 2 > Sin — , b(Pl,P2) = —. = 7 : s : — (3.11) 

^ \2J wiivz) A i + e i( Pl + P2 ) - 2e l P* 

k=l 

Periodicity of the spin chain instead requires 



e^ L = S(p uP2 ) , e^ L = S( P2 , P1 ) (3.12) 

Furthermore, the cyclicity of the trace requires p\ + p 2 = 0. Using these conditions, one can 
easily determine the spectrum for two impurities. 

Considering the general case of inserting q impurities, we can use the integrability of the 
Heisenberg chain to find the spectrum, giving 

q 

2 Pi 

sir 

i=l 



. ' i _i_ e i(pk+Pj) _ 2e ipk 

e^ L = n St**)* g ^Pi)=- 1 ; e ^ + p J) _ 2e ^ ( 3 - 14 ) 

q 

8=1 

where (|3.15|) is due to the cyclicity of the trace. Taking the logarithm of (|3.14|) we have 

Pk — Z~ = ~L E logS ( pk > p ^ ( 3 - 16 ) 

where is an integer. The leading order solution for large L is 

Pk = ^ + (L-i) (3.17) 

giving the spectrum 



2^ — 

L 2 

i=l i=l 



Denoting the number of rij which are equal to a particular integer k as M^, we can write this 
spectrum as 

27T 2 

S = —J2 n 2 M n , nM n = (3-19) 

This is the low energy spectrum of the Heisenberg spin chain with spin chain Hamiltonian 
D 2 . Using now that for a single-trace operator of length L, the eigenvalue of the Hamiltonian 
H = Do + XD 2 is L + \£, we see that the Hamiltonian H has the spectrum 

2tt 2 \ 

H- L = -jj- n 2 M n , Yl nMn = ( 3 - 20 ) 
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This is the large A and large L limit of the spectrum of single-trace operators in planar N = 4 
SYM onRxS 3 in the decoupling limit (f23j) . 

We see that the spectrum ()3.20p is string-like, even though we are in weakly coupled gauge 
theory. This is in contrast with previous approaches to find a string-like spectrum in J\f = 4 
SYM on 1R x S 3 , since those approaches rely on having A large in order to decouple gauge 
theory states which are not near the chiral primary states. Thus, in this sense, the spectrum 
(|3.19p is the first example of a string-like spectrum found in weakly-coupled M = 4 SYM. As 
we shall see in Section [6l the resemblance to a string-spectrum is not accidental, and we can 
in fact map it to a spectrum of string states in a decoupling limit of strings on a pp-wave. 

4 Gauge theory Hagedorn temperature from the Heisenberg 
chain 

In this section we consider the Hagedorn temperature of planar M = 4 SYM on i x S 3 in 
the decoupling limit (|2.5p from a general perspective, and we find a relation between the 
Hagedorn temperature as function of A and the thermodynamics of the Heisenberg chain in 
the thermodynamic limit. We use this general connection to find the Hagedorn temperature 
for small and large A. 

4.1 General considerations 

From (|2.14p and (|2.13p we have that the full partition function of planar N = 4 SYM on 
1R x S 3 in the decoupling limit (|2.5p is 

oo oo ^ 

log Z0) = Y,Yj ~^ nL ^L (V n ^ D2 ) (4.1) 

n=l L=l H 

Define now the function V(t) by 

V{t) = lim — log 

L^oo L 

This limit is well-defined since the thermodynamic limit of the free energy per site f(t) at 
temperature t for the Heisenberg chain is related to V(t) by 

f(t) = -tV(t) (4.3) 

Note that here the Hamiltonian of the ferromagnetic Heisenberg chain is Z?2- We notice now 
that for large L 

e -PnL TlL ^ e -n0\D 2 ^ ^ exp (^_ nL p + LV [(n/JA)" 1 ] ) (4.4) 

Therefore, for n = 1 we see that we reach a singularity if (3 decreases to 0h given bj0 

Ph = V ((/3//AT 1 ) (4.5) 

7 Note that there is a singularity for each value of n, but the n = 1 singularity is the first one that is reached 
as one decreases f3 from infinity. This is seen using that V(t) is a monotonically increasing function of t. 



(4.2) 
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This is the Hagedorn temperature for general A. Thus, we have obtained a direct connection 
between the thermodynamics of the Heisenberg chain in the thermodynamic limit and the 
Hagedorn temperature. 

We see now immediately from Eq. (|4.5p that the Hagedorn temperature for A <C 1 is 
obtained from the high temperature limit t 3> 1 of the Heisenberg chain, while for A > 1 the 
Hagedorn temperature is obtained from the low temperature limit i < 1. In the following we 
use this to obtain the Hagedorn temperature in these two regimes. 



4.2 Hagedorn temperature for small A 



If we consider t —* oo in (|4,2p we see that we can find the Hagedorn temperature from Tri(l). 
This corresponds to counting the number of independent single-trace operators of length L. 
This is less than 2 L but also bigger than 2 L /L since the cyclic symmetry of the trace can at 
most relate L states to each other. For large L we have therefore to leading order Tr^(l) ~ 2 L . 
Inserting that in (|4.2|) we see that V(t) — ► log 2 for t — > oo. This corresponds to (3h = log 2 
which is the correct Hagedorn temperature for the free SU{2) sector. 

We can also find the first correction to the Hagedorn temperature for small A in this 
fashion. For large t we see that 



V{t) 



lim — 

L— >oo L 



logTr L (l)-t 



_i TY L (D 2 ) 
Tr L (l) 



It is not hard to see that for large L 



Tr L (D 2 
Til(1) 



L 
4 



Therefore, we get 



V(t) = \og2-- + 0(t 



-2\ 



At 



(4.6) 



(4.7) 



(4.8) 



for large t. We see from (14.8P that —tV(t) indeed is the previously computed high temperature 
limit of the free energy per site for the Heisenberg chain [30J. Inserting (|4.8|) into (|4.5p we get 



1 



+ 



1 



log 2 4 log 2 



A + 0(A 2 



(4.9) 



which precisely matches the Hagedorn temperature found previously in \24\ [7j. Note that 
the above computation of the Hagedorn temperature completely circumvents the somewhat 
complicated computation of the full single-trace partition function. 

A much more powerful method of obtaining the high temperature behavior of the Heisen- 
berg chain has been found in [31]. The result is that V(t) as defined in (|4,2p can be found 
from the integral equation 



u(x) 



2 + 



dy 
Q 2ni 



y-2i 



exp 



2f 



+ 



y + 2i 



exp 



2t~ 



y{y - 2i) 



u(y) 

(4.10) 
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where C is a loop around the origin directed counterclockwise. V(t) is then determined as 



V(t) = log [u(0)] (4.11) 
One can then make a systematic high energy expansion of u{x) in powers of t^ 1 as 



oc 



log[«(x)] =Y J U k {x)t- k (4.12) 



fe=0 



Using (|4.10p we can now determine u(x) order by order in t . This gives the high temperature 
expansion of V(t) to order i~ 5 

V(t) = log2-- + Ar--^ b — + — ^— + 0(t- 6 ) (4.13) 

w B 4t 32t 2 64t 3 1024t 4 1024t 5 y ' y ' 

for large t. Inserting (14.130 into (|4.5p we gej§ 

t„ = J_+ i A-lX' + fA + ^A>+f--L-H!s!2 + »fi«52! , )A' 

log 2 4 log 2 32 V 128 64 / V 512 1024 1024 / 

3 | 39 log 2 | 3(log2) 2 3(log2) 3 \ ~ 5 | g( - 6) 



2048 4096 4096 1024 

(4.14) 

for small A. It is straightforward to extend this to higher orders in A, e.g. from the results of 
[3T] one can find V(t) to order t~ 50 and thereby Th to order A 50 . 



4.3 Hagedorn temperature for large A 

As stated above, we see from (|4.5p that the Hagedorn temperature for large A is given from low 
temperature limit of the ferromagnetic Heisenberg chain. Therefore, to compute the Hagedorn 
temperature in this limit, we should use the low energy spectrum (|3. 19j) of the Heisenberg 
chain to compute V(t) for small t. Inserting the spectrum A3. 19f> in the partition function for 
the Heisenberg chain, we see that for large L and small t we have 

I 2-jr 2 \ 

Tr L (e~* lD2 j =L^2 dnexp — — ^n 2 M n + 2iriu^nM n (4.15) 

{Mn} / 2 \ 1 njtO n^O J 

where the integration over u is introduced to impose the cyclicity constraint in the spectrum 
(|3.19p . The L factor is due to the L + 1 different vacua for a given L. Evaluating the sums 
over the M n 's (the sum range being from zero to infinity) we get 



rl/2 r / 2-jr 2 V 

Tr L (e~'~ lD2 ) = LJ du]J 1 - exp ^--^n 2 + 2Triunj 



-V2 n #> 
-1/2 

L I du 

-1/2 



-1 



(4.16) 



8 Note that the A 2 term matches the D\ contribution to the A 2 correction for the Hagedorn temperature in 
the SU(2) sector found in |32| . 
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where G(a, b) is the generating function defined by Eq. (|A.1|) in Appendix [A] We want to 
extract from ()4.16p the part that diverges for L — > oo. Using the analysis of Appendix lAl we 
get that the leading contribution to this divergence is from u = 0, which using Eq. (|A.9p is 
seen to give 

Trife-*" 1 ^) -exp^Id-),/— } (1.17) 




for L — > oo. Here C(x) is the Riemann zeta function. Inserting (|4.17|) into (|4.16|) and (|4.2j) we 

get 

"<«>=<(i)\/s (4 ' 18) 

for t < 1. This result is the same as the analytically obtained result [33, 30J for the low 
energy limit of the free energy —tV(t) for the Heisenberg chain. As we discuss further below, 
it is also consistent with numerical calculations [3H [35l [361 EZ] ■ 

Applying now the result (|4. 18[) to Eq. (|4.5p . we get the Hagedorn temperature 



f H = (2vr)5 



2 



3 As (4.19) 



for A > 1. This is the Hagedorn temperature of planar J\f = 4 SYM on 1 x S 3 in the 
decoupling limit (|2.5D for large A. We see that the Hagedorn temperature (|4.19p goes to 
infinity for A — > oo. This is consistent with the fact that for A — > oo all other states except 
the chiral primary states decouple, and the partition function ends up being a sum only over 
the chiral primaries, which means that we should not expect the presence of a Hagedorn 
singularity in this limit. 

As stated above, the result (|4.18p obtained for the low temperature limit of V(t) is the 
same as that obtained for the ferromagnetic Heisenberg chain in [33\ 130]. where also the next 
order of V(t) has been computed 

V(t) = (Qj±--t + 0(t^) (4.20) 
for t <C 1. This result is consistent with numerical calculations, which reveals [34" 1 1331 13"7] 

V(t) = 1.042V*- 1.00i + O(i 3 / 2 ) (4.21) 

for f< 1. Using now (|4.20p in (|4.5p we find the following correction to the Hagedorn tem- 
perature 

for large A. 
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5 Decoupling limit of string theory on AdSs x S 5 

As reviewed in Section [2j thermal M = 4 SYM on R x £ 3 decouples to SU(2) sector in the 
decoupling limit (|2.5p [7J . We consider in this section the corresponding limit that one obtains 
for type IIB string theory on AdS 5 x S 5 by employing the AdS/CFT duality [H [3]. 
We consider type IIB string theory on the AdSs x S 5 background given by the metric 



ds 2 = R 2 



cosh 2 pdt 2 + dp 2 + sinh 2 pdQ! 3 + d8 2 + sin 2 9 da 2 + cos 2 Od£l\ 



(5.1) 



and the five-form Ramond-Ramond field strength 

F (5) = 2R A (cosh p sinh 3 pdtdpdQ' 3 + sin 9 cos 3 9d9dadQ 3 ) (5.2) 

The AdS/CFT correspondence then fixes that R 4 = 4-Kg s l 4 N and gy M = ^7rg s , where g s is 
the string coupling and l s is the string length. gy M and N are the gauge coupling and rank 
of SU(N) as defined in Section With this, we see that we have the following dictionary 
between the gauge theory quantities A and N, and the string theory quantities g s , l s and the 
AdS radius R 



str 



^V 7 ! , g s = ^ (5.3) 



4ttZ 2 2 ' »" N 



where T str is the string tension for a fundamental string in the AdSs x S* 5 background (|5.1 

(EZD. 



Decoupling limit for strings on AdSs x "S" 5 an{ l induced gauge/string duality 

We can now translate the decoupling limit reviewed in Section [2J We consider first the non- 
thermal version of the decoupling limit given by (|2.9[) . This limit translates into the following 
limit of type IIB string theory on the AdSs x S 5 background (|5.ip - (|5.2p 



e — > , H = fixed , T str = — ^ fixed , g s = — fixed , Jj fixed (5.4) 

e Ve e 

Here E is the energy of the string while J«, i = 1, 2, 3, are the three angular momenta for the 
five-sphere corresponding to the three R-charges of J\f = 4 SYM. The energy E for a string 
state is equal to the scaling dimension D of a gauge theory state of M = 4 SYM on 1 x S 3 
since we set the radius of the three-sphere to one. Note furthermore that we have defined 
J = Ji + J 2 . 

We see that in this limit we scale the energies in such a way that in free string theory 
(g s = 0) only string states for which E — J ~ T 2 tr as T s t r — ► can survive. As in the gauge 
theory, we can regard this as a limit in which we look at small excitations near the BPS states 
with E = J. Note that even for <5r s = the obtained tree-level string theory is non-trivial 
since we have an effective string tension T s t r . 

It is interesting to observe that in the limit (|5.4p the string coupling goes to zero. From 
this and the corresponding gauge theory limit (|2.9p . we see that the AdS/CFT correspondence 
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in this limit necessarily becomes a duality between weakly coupled M = 4 SYM and weakly 
coupled string theory. 

After taking the limit (|2.9p of N = 4 SYM and the limit (|5.4p of string theory on AdS 5 x S 5 , 
the AdS/CFT duality induces a duality between the decoupled sectors on the gauge theory 
and string theory sides. From the two limits (|2.9|) and (|5.4p we see that we obtain a dictionary 
for this induced duality relating the quantities we keep finite in the limits: 

f str = ±Vl, ~ 9s = ^ (5.5) 

We see that this induced dictionary perfectly mirrors the original AdS/CFT dictionary (|5.3p . 

Finally, we note also that the string tension T str goes to zero. Zero tension limits of string 
theory on AdSs x S 5 have previously been connected to higher-spin theories. However, here 
we know from the gauge theory side that only a particular sector of the theory survives the 
limit. 

Decoupling limit of thermal partition function for strings on AdSs x S 5 

If we consider instead a gas of strings in the AdSs x S 5 background (|5.ip - (|5.2p we can write 
the general partition function as 

ZCa.fii) = Tr ( e -^+^Ui^Ji) (5.6) 



where Jj, i = 1,2,3, are the angular momenta and fij, i = 1,2,3, are the corresponding 
angular velocities. Here we trace over all the multi-string states. Just like on the gauge 
theory side we consider here the only special case (Tli,^, ^3) = (f2,f2,0). Therefore, the 
partition function can be written 

Z(p,Sli) = Tx(e- l3E+/3nj ) (5.7) 



where J = J\ + J2- We now want to consider the region close to the critical point (T, f2) - 
(0, 1). We notice first that we can rewrite the weight factor in (|5.7p as 

e -t3E+f3nj _ e -/j(i-n)j-0(i-n)f=flr ( 5 .j 



From the gauge theory decoupling limit (|2.5p and the string theory decoupling limit (|5.4p it 
is then clear that the appropriate limit for a string gas is 



, Q -»• 1 , f = — — fixed , H = ^— I fixed 

i-n ' l-n 

~ fixed , g s = — fixed , Jj fixed 



(5.9) 



s " yT^n ' ^ i-n 

Using (|5.7|) and (|5.8|) the partition function for the string gas becomes 

Z0) = Tr Ms (e-K J +V) (5.10) 

where Ai s is defined as the set of all multi-string states that survive the limit (|5.9p . We see 
that in the limit (|5.9p we effectively end up with a theory for a string gas of temperature T 
and energies given by J + H, and with a reduced set of string states compared to the full 
string theory on AdSs x 5" 5 . 
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6 Connection to pp-wave with flat direction 



In Section [5] we found a decoupling limit of string theory on AdSs x S 5 which is dual to the 
SU (2) decoupling limit of N = 4 SYM reviewed in Section [2j We do not know a first quan- 
tization of string theory on AdSs x S 5 . Therefore, we consider instead taking the decoupling 
limit (|5.4p for string theory on a particular pp-wave background, obtained from AdSs x S 5 
by a Penrose limit. As we explain in the following, this pp-wave background is particularly 
well-suited for this limit, and we find indeed a successful match of the string theory and gauge 
theory spectra. 

6.1 Penrose limit for pp-wave with flat direction 

We begin this section by employing a Penrose limit of AdSs x S 5 found in [12] giving rise 
to a maximally supersymmetric pp-wave background with a flat direction. It is important to 
note that the Penrose limit is implemented in a slightly different manner here than in [12] in 
order to be consistent with the decoupling limit (|5.4p for strings on AdSs x <S" 5 - We explain in 
Section 16.21 why the Penrose limit of [12] has the right features for the decoupling limit (|5.4|) 
that we are going to implement. 

We begin by considering the AdSs x "S" 5 background (|5.ip - (|5.2p . We see from the decoupling 
limit (|5.4[) that the AdS radius R goes to zero like e 1//4 in the limit. We define therefore a 
rescaled AdS radius R as follows 

R> 4 

R 4 = — (6.1) 
e 

Consider now the three-sphere O3 part of the metric (|5.ip . Following [12] , we can parameterize 
the three-sphere embedded in the five-sphere as 

dnj = dip 2 + sin 2 V># 2 + cos 2 ipdx 2 = dtp 2 + # 2 + d<j>\ + 2 cos(2^)#_#+ (6.2) 

where we defined the angles 4>± as 



/ X ± < 

Define now the coordinates x + , x~ , x , x 2 , r, f by 



(6.3) 



^R 2 {t-4> + ) , x+ = i-(t + </>+) (6.4) 



x 1 = R(f)_ , x 2 = R(i>-j) , r = Rp, f = R9 (6.5) 

Note that these coordinates are defined in terms of the rescaled AdS radius R. We then take 
the Penrose limit of the AdSs x background (|5.ip - (|5.2p given by [12] 

R — > 00 , x + , x - , x , x 2 , r, f, a fixed (6.6) 

This gives the following pp-wave background with 32 supersymmetries 

ds 2 8 8 

_ = -Adx + dx~ - p 2 xV((ix + ) 2 + Y dx ' dxl ~ 4px 2 dx 1 dx + (6.7) 

7=3 i=l 
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'(5) 



2/idx + (dx 1 dx 2 dx 3 dx 4: + dx 5 dx 6 dx 7 dx 8 ) 



(6.8) 



This background was first found in [38] jf| Here x 3 , x A are denned by x 3 + ix 4 



x 5 ,...,x 8 are denned by r 2 



ELs(^) 2 and dr 2 + rW 3 2 



52 I=5 (dx J ) 2 . We see that the 



fact that we employed the rescaled AdS radius in the Penrose limit give rise to factors of e in 
the metric and five-form field strength. This will be important below. 

It is important to note that the pp-wave background (|6.7p - (l6.8p has the special feature 
that x 1 is an explicit isometry of the pp-wave |38l U2j. hence we call this background a pp-wave 
with a flat direction. 

In terms of the generators, we see that in the Penrose limit (|6.6p we have 

E + J _ 2S Z 

where H\ c is the light-cone Hamiltonian, p + is the light-cone momentum and p\ is the momen- 
tum along the x l direction. Here J\ = ^ J + S z and J2 = \ J — S z are the angular momenta 
of the strings on the three-sphere (|6.2p . 

From |38l [12] we have that the strings can be quantized in the light-cone gauge with the 
following spectrum of the light-cone Hamiltonian H\ c 

1^ 



H lc = ^e(i(E-J) 



P 



(6.9) 



2/iVo + K W » + f)N n + K " f)M n ] U ^ N n ] 



4 



nel 1=3 



n<EZ 

with level matching condition 
and where we have defined 



E^-j/W'+E^ + i/) 

b=l V J b=5 V J 



(6.10) 



/ = M^P 



/=3 



b=l 



Vn 2 + f 2 



(6.11) 



(6.12) 



Here N}p , I 



3, 8 and n £ Z, are the number operators for bosonic excitations for the six 
directions x 3 , ...,x 8 , while N n , n € Z, and M n: n / 0, are the number operators for the two 
directions x 1 and x 2 . Fn \ b = 1, ...,8 and n£Z, are the number operators for the fermions. 
Note that the presence of the flat direction x 1 of the pp-wave is responsible for the fact that 

(3) (8) 

we only have seven bosonic zero modes iVo and A^q , Nq . 

It is important to note that the vacua for the string spectrum are degenerate with respect to 
the eigenvalues of the momentum p\ along the flat direction. I.e. we have a vacuum |0,pi,p + ) 
for each value of pi, and given any particular vacuum \0,pi,p + ) we have the spectrum (|6.10p 
of string excitations. 



The pp-wave background (|6.7|l - (|6.8|) is related to the maximally supersymmetric pp-wave background of 
39, 6 by a coordinate transformation [381 112] , Even so, as we shall see in the following, the physics of this 
pp-wave is rather different, which basically origins in the fact that the coordinate transformation between them 
depends on x + , i.e. it is time-dependent. See [12] for more comments on this. 
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6.2 Decoupling limit of pp-wave spectrum and matching of spectra 

We can now explain why the pp-wave background (|6.7p - (|6.8p is relevant for our decoupling 
limit (|5.4p for strings on AdSs x S 5 . We see from (I6.9P that the Penrose limit (16, 6p corresponds 
to a limit in which J = J\ + J2 — > 00 while E — J is fixed. Thus, we keep all excitations that 
have a finite value of E — J. In particular, we keep any excitation which has a small E — J 
and which is still present for large J. 

Another argument why the pp-wave background (|6.7|) - (|6.8|) is suitable for our considera- 
tions is that the light-cone vacua H\ c = correspond to 1/2 BPS states with E = J. These 
1/2 BPS states are mapped to the chiral primary states of J\f = 4 SYM with D = J, which 
precisely correspond to the vacua on the gauge theory side. 

We now implement the decoupling limit (|5.4p on the pp-wave background (|6.7p - (|6.8p . 
Notice first that we want to keep p + fixed in the decoupling limit. This gives us that fx-y/e 
should be held fixed. Using (|6.9p we find that the decoupling limit (|5.4p translates to the 
following decoupling limit on the pp-wave background (|6,7p - (|6,8p 



e^O, \i — > 00 , jti = fixed , H\ c = — — fixed , g s = — fixed , l s , p + fixed (6.13) 

Clearly this can be seen as a large \i limit of the pp-wave. 

It is important to remark that the limit (16.13P is consistent with the Penrose limit (16. 6p 
since the limit relies on having large R and large J and these are both kept fixed in the limit 
(I6.13|) . Furthermore, we see from (16.131) and (16.91) that we have 

P+ = W (6 ' 14) 

so having p + fixed is consistent with having large J and large R. 

We consider now the spectrum of the light-cone Hamiltonian (|6.10p - (|6.1ip in the limit 
([515]) . First we notice that / -> 00, so f~ l u n ~ 1 + n 2 /(2/ 2 ) + C(/~ 4 ). Therefore, most of 
the excitations have e~%l1p + H\ c of order /. Such excitations do not survive the limit (|6.13|) . 
It is easy to see that this means that N n = 0, = and Fn = for n £ Z. Only the 
excitations connected to the number operator M n have a chance of surviving since uj n — f is 
not of order / when / — * 00. Focusing on these excitations, we have 



%l# lc = VK - f)M n ~ V ^M n (6.15) 
We get therefore in the limit (|6,13p the spectrum 

where we also included the level matching condition obtained from (|6.1ip . 

We now want to show that this spectrum indeed matches the spectrum (|3.19p obtained in 
weakly coupled M = 4 SYM. First we notice that the fact that the string vacua are degenerate 
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with respect to the momentum p\ precisely fits with the fact that the gauge theory vacua (|3.5p 
are degenerate with respect to S z , as one can see explicitly from (16. 9p . 
As a next step, we see from ()6.14|) and (|6. 1 j) that 

(A + ) 2 = -4- (6.17) 

47T 2 A 

Thus, the Penrose limit (|6.6p corresponds, in terms of the gauge theory, to the limit 

A — > oo , J — > oo , fixed (6.18) 

This fits perfectly with the fact that we want to match the spectrum (|6.16p to the spectrum 
of planar M = 4 SYM in the decoupling limit (|2.5p for large A and large J = L. Employing 
now (|6.18|) we see that we can rewrite (|6.16|) as 

This precisely matches the spectrum (I3.19P of XD2 on the gauge theory side, since we have 
J = L. Notice that the 1//2 in (|6.19p origins from (|6.9j) . thus it is H\ c /fi and XD 2 that one 
should match. 

In conclusion, we have found that we can match the spectrum of weakly coupled string 
theory in the pp-wave regime and in the pp-wave decoupling limit (|6.13p . with the spectrum 
of weakly coupled planar N = 4 SYM in the decoupling limit (|2.5p for large A and large 
J = L. This gives a strong indication that the induced AdS/CFT correspondence suggested 
in Section [5j between N = 4 SYM in the decoupling limit (|2.9p and string theory on AdSs x S 5 
in the dual decoupling limit (|5.4p . indeed is correct. 

We note that there is a geometric picture of the large \x limit (16.13p . Since the x 3 , ...,x 8 
directions have a square- well potential with fi as coefficient, it is clear that these directions 
decouple. Moreover, since only x 1 is a flat direction, while the other seven transverse directions 
are not, it is intuitively clear that only modes connected to the flat direction survive. Thus, 
we can see on a purely geometric level that it is the presence of a flat direction that enables us 
to perform a non-trivial large [i limit in which we have finite decoupled modes left. This is a 
more intuitive way to see why we are employing the pp-wave background with a flat direction 
(|6.7p - (|6.8|) rather than the usual pp-wave background used in [B] in which there are no flat 
transverse directions. 

Finally, we note that the limit (|6.13p easily can be turned in to a decoupling limit for 
a gas of strings on the pp-wave background (|6.7p - (|6.8p . implementing the limit (|5.9p on the 
pp-wave. This is done by supplementing the limit (|6.13|) with 

T^O, 0^1, e = l-fi, f = — ^ fixed (6.20) 

in accordance with the limits (15.41) and (15.91). 
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6.3 Comments on matching of spectra 

The result of Section 16.21 of the matching of the spectra of weakly coupled gauge theory 
and string theory in their respective decoupling limits is a highly non-trivial result: We 
have matched the spectrum of gauge theory states in weakly coupled gauge theory with the 
spectrum of free strings on a pp-wave. It is interesting to consider how it is possible that the 
spectra indeed can match. There are several underlying reasons for this: 

• We can consider large A on the gauge theory side even though we have A — > in the 
decoupling limit (|2,5p . This ensures that only the magnon states of the Heisenberg 
spin chain contribute. For A <C 1 with fixed chemical potentials there would be many 
more states present than the ones dual to pp-wave strings states, since this merely is a 
perturbation of the spectrum of free M = 4 SYM. 

• That the limit involves E — J —* means that we are expanding around the chiral 
primary states (|3,2p . Thus, we are matching states of the gauge theory and string 
theory which lie close to the chiral primaries. 

• On the gauge theory side, the Hamiltonian truncates to H = Dq + AZ?2- This enables 
us to compute the spectrum for large A. 

• We have a pp-wave, being the pp-wave background (|6.7p - (|6.8|) . with the same vacuum 
structure as that of M = 4 SYM in the decoupling limit (|2.5p . Furthermore, the pp-wave 
is a good approximation for large A and J, which precisely is the regime that we can 
match to the gauge theory side. 

• The pp-wave background (|6.7p - (|6,8p is a maximally supersymmetric background of type 
IIB supergravity, and is furthermore an a' exact background of type IIB string theory 
(see e.g. [40J). This makes the pp-wave spectrum (|6,10p reliable in the decoupling limit 

§33}. 

In Section [7] we match furthermore the Hagedorn temperature of gauge theory and string the- 
ory, in their respective decoupling limits. That this works can be seen as a direct consequence 
of the matching of the spectra. 

7 String theory Hagedorn temperature 

In this section we compute the Hagedorn temperature for strings on the pp-wave background 
(|6.7p - (|6.8p in the decoupling limit (|6.13p . (|6.20p in two different ways. In Section [7TT1 we 
compute the Hagedorn temperature directly from the reduced pp-wave spectrum (|6.16p . In 
Section [7.21 we instead take the decoupling limit (|6.13p . (|6.20p of the Hagedorn temperature 
for the full pp-wave spectrum (|6.1U|) . Both of these computations give the same result, which 
we show can be matched with the Hagedorn temperature (|4.19p computed in weakly coupled 
TV = 4 SYM. 



21 



7.1 Hagedorn temperature for reduced pp-wave spectrum 

In this section we compute the Hagedorn temperature for the reduced pp-wave spectrum 
(I6.16p . This is the spectrum obtained for type IIB superstring theory in the pp-wave back- 
ground (|6.7p - (|6.8p in the decoupling limit (|6.13p . We show that the result for the Hagedorn 
temperature coincides with the one of the dual gauge theory (|4.19p . 
We consider first the multi-string partition function 

oo 1 

logZ(a,S, A) = Yl _TV (e" an ^ l c ~' bnp+ ) (7.1) 

n=l 

where the trace is taken over single-string states with spectrum (|6.16p . The parameters a and 
b can be viewed as inverse temperature and chemical potential, respectively, for the pp-wave 
strings. We find the values for a and b in terms of the AdSs x S 5 parameters below. Note that 
we do not have fermions in the spectrum. The measure for the trace over p + is ^ dp + , 
where I is the (infinite) length of the 9'th dimension. We get 



n=l ^ s JO T 2 J-\ M m =0 

where the level matching condition is imposed by introducing an integration over the Lagrange 
multiplier t\ and we introduced the quantities 

nfi f _ ,2 +~ _ n /3fr 

Anljp+ ' J-Wf- 4vrr 2 



T 2 = tztvx ' / = l *P M = t^t ( 7 - 3 ) 



Summing over the occupation number we get 



\ bn 2 f3 



logZ = -T,^ l \ dT i e ^\G(n,r 2 J)\ 2 (7.4) 



71=1 * " U 1 "~2 



where the generating function G is given by 

G(n,r 2 ,f) = f[ ( 1 ■ ) (7.5) 

m=l \ 1 — e pi / 
To see where the partition function diverges we need to estimate the asymptotic behavior of 
the function G. This is done in Appendix [A] were we show that it diverges in the limit r 2 — ► 0. 
More precisely, one can show that for r 2 that goes to zero, there is a divergence only if t\ = 
and the leading contribution is given by 



After substituting this result in the expression for the partition function (|7,4p m the limit 
r 2 — > we find that we have a Hagedorn singularity foa 10 l 

(7.7) 



10 We note that to gain a better understanding of the behavior of the partition function (|7.4p one should 
perform the integral over T\. This however would just produce a different power of T2 in the prefactor of the 
partition function and it would not modify the result (|7.7[l for the Hagedorn temperature. 
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where the relevant contribution is given by the n = 1 mode. 

In order to compare (|7.7p with the gauge theory result (j4.19j) we have to express the 
parameters a and b in terms of the gauge theory quantities [16]. Using Eqs. (|6.9p and (|5.5p it 
is not difficult to see that a and b should be identified in the following way 



a = — , b = Att% fiflf s tr 
With these identifications Eq. f|T.Tj) gives 



27rl 2 s i3flVX 



"3 _2 



str 



(2tt)1 



<(§) 



A3 



(7.8 



(7.9) 



which precisely coincides with the result (|4.19p obtained on the gauge theory side. 

We have thus shown that the Hagedorn temperature of type IIB string theory on AdSs x S 5 
in the decoupling limit (|5.9p matches with the Hagedorn/deconfinement temperature (|4.19|) 
computed in weakly coupled J\f = 4 SYM in the dual decoupling limit (|2.5p . This is done in the 
regime of large A. On the string side we obtained the Hagedorn temperature by considering 
the large A and J limit corresponding to strings on the pp-wave background (|6.7p - (|6.8p in 
the decoupling limit (|6.13p . The result means that in the sector of AdS/CFT defined by the 
decoupling limits (|5.9p and (j2.5h we can indeed show that the Hagedorn temperature for type 
IIB string theory on the AdSs x S 5 background is mapped to the Hagedorn/deconfinement 
temperature of weakly coupled planar J\f = 4 SYM on M x S 5 . Thus we have direct evidence 
that the confinement /deconfinement transition found in weakly coupled planar N = 4 SYM 
on R x 5 3 is linked to a Hagedorn transition of string theory on AdSs xS 5 , as conjectured in 

la si maun. 

Note that the matching of the Hagedorn temperature made above to some extent follows 
directly from the matching of the spectra made in Section However, to check that the 
computation of the Hagedorn temperature indeed is consistent with taking the decoupling 
limit (|6.13p . (|6.20p of strings on the pp-wave background (|6.7p - (|6.8p we check in the following 
section that one can find the same Hagedorn temperature directly by taking the decoupling 
limit on the Hagedorn singularity for the full pp-wave spectrum (|6.10|) . 



7.2 Limit of Hagedorn temperature for full pp-wave spectrum 

In this section we show that by computing the Hagedorn temperature using the full spectrum 
(|6.10p and subsequently taking the limit (|6.13p . (|6,20p we obtain again the result (|7.9p for the 
Hagedorn temperature. 

We consider the multi-string partition function 

oo 1 

log Z(a, b,fi)=J2 -Tr ((_i)("+i)F e -™tfi.= .-&™p + ) (7.10) 

n=l 

where the trace is over single-string states with the spectrum (|6.10p . and F is the space- 
time fermion number. The computation of the partition function (|7.10p is similar to that 



23 



of the reduced spectrum done in Section 17.11 and it has been done in Ref. [17J for b = 00 
Generalizing the computation to non-zero 6, we get that the Hagedorn singularity occurs for 



°° 1 T /l \ 

b = - 3 + cosh(fiap) — 4(— l) p cosh( ^^Pj 

P =i p L V / 



Ktifiap) (7.11) 



where K u (x) is the modified Bessel function of the second kind. Using (|6.9p we see that we 
should identify 

a = ^ , b = 47r^ s 2 T str /3 (7.12) 
M 

We now take the limit (|6.13p . (|6.20p . The Bessel function can be approximated by its behavior 
for large values of the argument 



K x {x)~e-\ - \ h + 0(x- 3/2 )\ (7.13) 




It is easy to see that in this limit only the ^e fiap term inside the [• • • ] paranthesis in (|7.11|) 
survives. We note that this is precisely the contribution from the M n oscillators in (16.10p . 
To see that the other terms in (|7.1ip vanish it is enough to consider p = 1 since the higher 
p terms are exponentially suppressed. From the surviving term it is then straightforward to 
show that we again get the Hagedorn temperature (|7.9p . which matches the gauge theory 
result (14TT91) . 

We can conclude from the above that taking the decoupling limit (|6.13p . (|6.20p on the 
spectrum (|6.10p on the pp-wave (|6.Tj> - <|6.8j) is consistent with taking the decoupling limit of 
the Hagedorn singularity on the pp-wave. I.e. taking the decoupling limit before computing 
the Hagedorn temperature commutes with computing the Hagedorn temperature and then 
subsequently taking the decoupling limit. This is a good check on the consistency of the 
decoupling limit (fjOgj) . ([00]) . 



8 Discussion and conclusions 

The general idea of this paper is that by taking a certain decoupling limit we get a self- 
consistent decoupled sector of the AdS/CFT correspondence. On the gauge theory side, we 
take the decoupling limit (|2.5p of SU (N) M = 4 SYM on R x S 3 . On the string theory side, we 
take the decoupling limit (|5.4p (see also (|5.9p ) of type IIB strings on AdSs x5 5 . In [7j it was 
shown that the sector of planar M = 4 SYM on 1 x S 3 obtained in the decoupling limit (|2.5p 
also is described by the ferromagnetic Heisenberg spin chain, as reviewed in Section [21 On 
the string theory side, the planar limit of M = 4 SYM corresponds to free strings propagating 
on AdSs x S* 5 . We have thus the spin chain/gauge theory/string theory triality depicted in 
Fig. [TJ Since the Heisenberg chain is integrable, we get that both the gauge theory and the 

In [17] the direction x 1 is compactified and it is shown that only the sector with zero winding number 
contributes to the partition function. 
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Ferromagnetic 
Heisenberg 
spin chain 



Limit of 

weakly coupled 
planar Af= 4 SYM 



Limit of 
free strings 
on AdS 5 x S 5 



Figure 1: A spin chain/gauge theory /string theory triality. 



string theory should be integrable. In this sense we have found a solvable sector of AdS/CFT. 
One of the important features of the triality of Fig. [I] is that we are considering small 't Hooft 
coupling A —* on the gauge theory side. On the string theory side this corresponds to having 
a small string tension T s t r - 

We have succeeded in this paper to show that the low energy spectrum (|3.19|) obtained 
on the spin chain/gauge theory side matches the spectrum of free strings on a maximally 
supersymmetric pp-wave background. With this, we have shown that the low energy part of 
the spectrum of the gauge theory and string theory sides of the triality of Fig. Q] matches. 
This is a rather non-trivial result in that we have obtained a string theory spectrum, which is 
calculable on the string theory side, directly in weakly coupled gauge theory. Indeed, to our 
knowledge, this is the first non-trivial matching in AdS/CFT done between gauge theory and 
string theory in the A <C 1 regime. 

Related to this result, we have shown that the Hagedorn/deconfinement temperature 
in weakly coupled planar J\f = 4 SYM on M x 5 3 in the limit (|2.5p matches the Hage- 
dorn temperature of weakly coupled string theory on a maximally supersymmetric pp-wave 
background (|6.7p - (|6.8p in the decoupling limit (|6.13p . (|6.20p . This shows that the confine- 
ment/deconfinement transition found in weakly coupled planar J\f = 4 SYM on R x S" 3 is 
linked to a Hagedorn transition of string theory on AdSs x 5 5 , as conjectured in [HI l9l [10} [TT] . 

The mechanism behind these successful matches between string theory and gauge theory 
is the SU(2) decoupling limit found in |7J. In this decoupling limit we consider the gauge 
theory states lying very close to a certain chiral primary sector (defined by D = J). This 
enables us to decouple most of the gauge theory states leaving only the SU (2) sector, and the 
Hamiltonian truncates to (|2.8p . which has the consequence that we can study the decoupled 
sector for finite A. On the string theory side, we find that the Penrose limit [12] of AdSs x 5 5 
leading to the pp-wave background (|6.7|) - (|6.8|) with a flat direction gives a pp-wave string 
spectrum for which the vacua precisely are dual to the chiral primary states expanded around 
on the gauge theory side. Translating the dual decoupling limit for string on AdSs x S 5 into 
a decoupling limit for the pp-wave enables us to study the decoupled sector from the string 
theory side. Unlike the usual gauge-theory/pp-wave correspondence we can match the gauge 
theory and string theory spectra for small 't Hooft coupling A — > since for finite A only the 
gauge theory states in the SU(2) sector close to the chiral primary states contribute at low 
energies. 
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Future directions 

One of the most interesting extensions of the matching of the Hagedorn temperature between 
gauge theory and string theory of this paper would be to reproduce the A _1//3 correction 
from string theory side. From the thermodynamics of the Heisenberg chain, we found the 
correction (|4.22p . On the string theory side, computing this correction would involve going 
away from the large J limit. More generally, it would be highly interesting to match finite 
size corrections to the spectrum of the Heisenberg chain, to 1/J corrections to the pp-wave 
spectrum. 

Another interesting class of corrections to consider would be to look at corrections coming 
from terms of order AA in the Hamiltonian. I.e. in [7J we have that the leading correction for 
small A to the Hamiltonian for the SU(2) sector is 

H = D + AX> 2 + XXD 4 + C(AA 2 ) (8.1) 

In this regime one could be worried about corrections coming from the fact that states outside 
the SU(2) sector are not completely decoupled. However, we do not expect that to be impor- 
tant, since such corrections appear non-perturbatively in terms of the expansion parameter 
1-0 0. 

Considering A corrections could be very important for a better understanding of the three- 
loop discrepancy |29} l4"T| I42j between anomalous dimensions computed in = 4 SYM and 
string energies for strings on AdSs x S 5 . The reason for the three- loop discrepancy could very 
well be that there are interpolating functions in A that one does not see when doing a naive 
large A extrapolation of the gauge theory results. For our decoupled sector we do not have any 
need for interpolating functions, since we are not extrapolating the anomalous dimensions to 
infinite A. Therefore, it would be rather interesting in this light to see if there is a discrepancy 
for A corrections to our decoupled sector. 

One could furthermore consider other decoupling limits. In [7J we found a decoupling 
limit of planar J\f = 4 SYM on IR x S 3 in which it decouples to the SU(2\3) spin chain, in a 
very similar way as that of the SU(2) decoupling limit considered in this paper. We expect 
similar results for this sector. This could be interesting to work out since the spectrum is more 
complicated due to the presence of fermions. As mentioned in [7J it is moreover conceivable 
that there are other interesting decoupling limits of supersymmetric gauge theories with less 
super symmetry, hence one could hope to match the spectrum and Hagedorn temperatures for 
such cases as well. In particular, it would be interesting to consider generalizing the SU(2) 
decoupling limit of [7J used in this paper to AA = 2 quiver gauge theories dual to the pp-wave 
background (|6,7p - (|6.8p with x 1 compactified, following [12] . 

Finally, we note it would be very interesting to consider non-planar corrections to the 
partition function on the gauge theory side. In [7J the decoupling limit also works for finite 
N, thus it should be possible to gain more information about the Hagedorn/deconfinement 
phase transition, for example whether it is a first order phase transition or notf^l 

12 In this connection one could also hope to get a better understanding of the small black hole in AdSs x S 5 
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A Asymptotic behavior of the generating function 

In this appendix we will show how to estimate the asymptotic behavior of the function 

oo 1 

G(a,b) = U 1 _ e . an2+lbn (A.1) 



71=1 



with a and b real and a > 0. The previous expression can be written as 



G(a,6)=exp<j^^ 

n=l p=l 



(A.2) 



We are interested in studying the a — * limit. 

Consider first the case b ^ 0. In the limit a — > the sum over n in (|A.2|) can be replaced 
by an integral and we have 



G(a, b) ~ exp < 



P =i 



oo g— apx 2 -\-ibpx 

dx 

V 



exp < 



by/P \ 



(A.3) 

where Erfc(x) is the complementary error function (Erfc(x) = 1 — erf(x) where erf(x) is the 
error function). For a — > and 6^0 the complementary error function can be approximated 
as 



Erfc (y/pd - i h -A ) - 2/ 



2v^ 



a c b 2 p/4a 



npb 2 



so that the generating function becomes 



(A.4) 



(A.5) 



where Ci x ) 1S the Riemann zeta function. We thus see that for b ^ there is no divergent 
contribution. 

To extract the divergent contribution we set b = in fjA.lj) so that 



OO j 
71=1 



(A.6) 



from the gauge theory point of view [43 1 1441 145] . 
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where we defined 



F{a) = - J™ dx\og(l-e- ax2 ^j (A.7) 

Here we have again approximated the sum over n by an integral. Introducing the new variable 
y = Xyfa we have that 

]im y/EF(a) = - dy\og(l-e~y 2 )=Y J dy- = ^C(^) (A.8) 



Jo v ' ^[Jo V 

Thus, we see from this that for 6 = there is a divergent contribution in (jA.lj) in the a — > 
limit, giving 

G(a, )~exp(c(^J^) (A.9) 



,2/ V 4o 

This is the leading asymptotic behavior of G(a, 0) for a — > 
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